In this paper it is argued that the use of density functional theory (DFT) to solve the exact, non-relativistic, many-electron problem, for magnetic systems requires imposing space and spin symmetry constraints exactly in the same way as it is currently done in ab initio wave function theory. This strong statement is supported on pertinent calculations for selected systems representative of organic diradicals, molecular magnets and antiferromagnetic solids. These calculations include several wave function methods of increasing accuracy and different forms of the exchangecorrelation functional. The comparisons of numerical results carried out always within the same standard Gaussian Type Orbital atomic basis set show that imposing or not the spin and space constraints (restricted or unrestricted formalisms) leads to contradictory results. Therefore, it appears that, in the case of the Heisenberg magnetic constant, the present exchange-correlation functionals may provide reasonable numerical results although for the wrong physical reasons thus evidencing the failure of the current DFT methods to properly describe magnetic systems.
Introduction
Magnetic systems imply the presence of unpaired electrons and may therefore appear equally in atoms, molecules or solids. For a large number of systems the magnetic moments are well localized on a given atom or group of atoms, referred to as magnetic centers; an effective magnetic moment, S i , can be associated to a given magnetic center i [1] [2] [3] . The physical description of magnetic coupling in a broad class of chemical compounds including organic biradicals, inorganic complexes and ionic solids is based on the use of the well-known phenomenological Heisenberg-Dirac-van Vleck Hamiltonian [1] [2] [3] [4] [5] , which describes the isotropic interaction between localized magnetic moments S i and S j aŝ
where J i j constant give the magnitude and type of interaction between S i and S j localized spin moments thus governing the energy difference between the different spin states arising from the interactions of S i and S j . With this form of the spin Hamiltonian, a positive value of J i j corresponds to a ferromagnetic interaction in which a situation with parallel spins is favored. The set {J i j } of parameters (their number and magnitude) defining this magnetic Hamiltonian characterizes the magnetic ordering of the system and permits one to describe the lowest part of the excitation spectra of magnetic systems. The sign and magnitude of the relevant (large enough) J i j parameters result from the particular electronic structure that, at the same time, determines the stable crystal structure of the system. Hence, the magnetic order and the crystal structure of the system are consequences of the actual electronic distribution. The understanding of magnetic interactions is essential to analyze and interpret, among others, neutron diffraction experiments and magnetic susceptibility measurements. Most important is the fact that magnetic interactions are at the hearth of molecular based magnets [1] [2] [3] [4] [5] [6] or of High-T c superconductivity [7] and largely dominate the chemistry of radicals [1, 6, 8] . Also, the description of magnetic states of damaged DNA, RNA or protein oxidation adducts by radicals has an increasing interest because of their relevance to understand the biological activity of important carcinogenic and antitumor compounds. This is also important to investigate the structure, conformation dynamics and spectroscopic properties of these complex biological molecules [9] [10] [11] [12] [13] [14] .
From the discussion above, it is clear that for a complete picture of electronic structure, a detailed description of magnetic interactions is unavoidable. Rigorously speaking, this will require dealing with a fully relativistic formalism. However, the complexity of the n-electron relativistic problem does not permit to carry out the required calculations in the systems of interest. Still, one can use the non-relativistic Hamiltonian and handle magnetic interactions through a proper introduction of spin coordinates and spin symmetry. In this formalism, magnetic interactions in systems with localized magnetic moments result from important electronelectron correlation effects [1, 8, 15] which, to provide accurate theoretical estimates of J i j values, must be appropriately described. This requires going beyond the usual mean field theories and therefore, the electronic structure of magnetic systems provide severe test cases for theoretical methods. In this respect, one must realize that the widely used density functional theory (DFT) based methods (For reviews on DFT methods, see for example Refs.) [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] is formally a mean field approach but in which all electron-electron correlation effects are taken into account through the exchange-correlation functional. Indeed, for the exact exchange-correlation functional one would get the exact solution of the non-relativistic n-electron Hamiltonian. However, since DFT does only make reference to the one electron density matrix, the treatment of open-shell systems is not straightforward although spin-polarized DFT is almost universally used [17] [18] [19] [20] [21] [22] [23] [24] . Several authors have recently addressed the problem of using DFT to predict the singlet-triplet gap, or equivalent energy differences, in magnetic systems [4, 5, 26, 27] . The present work extends a previous analysis [28] and critically examines the reliability of magnetic coupling constants obtained by current implementations of DFT and show that the proper treatment of general open shell electronic states, where spin cannot be neglected, requires a revision of the current exchange-correlation potentials. This analysis is carried out by closely comparing the fundamental equations for the total energy of a given system as issued by wave function and density functional theory based approaches.
In this work, we consider the elementary non-relativistic many-electron problem and focus on the fundamental role of spin restrictions imposed to the exact wave function and to the corresponding reduced density matrices emphasizing its relationship to DFT (Sect. 2). This is followed by a detailed analysis of the problems encountered by DFT when applied to open shell systems and review of recent spin restricted formulations of DFT and, in particular, in the context of applications to obtain magnetic coupling constants (Sect. 3). Next, in Sect. 4, the relationship between spin restricted and spin unrestricted approaches in practical applications to solid state problems is discussed and important remarks are given. This is because the treatment of periodic systems necessarily relies on spin polarized description, which leads to conceptual difficulties in extracting the experimentally observable magnetic coupling parameters from the energy differences between magnetic states. This is certainly a problem for practical applications and also a matter of controversy. Moreover, the strong dependence of the results on the exchange-correlation functional as well as on the spin projection scheme considered put strong limitations on the capability of DFT calculations to provide reliable description of open shell systems. Section 5 provides strong evidence of this statement by accurate calculations on systems representative of organic biradicals, molecular magnets and antiferromagnetic solids. Finally, Sect. 6 presents the conclusions and further general remarks.
Remarks on wave function and density functional theory approaches
The exact solutions of the non-relativistic n electron problem are the different n electron (r 1 s 1 ; . . . ; r n s n ) wave functions satisfying the time independent Schrödinger equation which can be written as [29] [30] [31] [32] [33] [34] [35] 
For a system with n electrons and N nuclei and neglecting nuclear motion, the Hamiltonian of equation (2) becomeŝ
where the first term stands for the electronic kinetic energy, the second term is the electron-nuclear attraction potential v(r i ) and 1/r i j is the two electron interaction potential. The non-relativistic many-electron Hamiltonian (in the absence of magnetic fields) does not act on spin coordinates of the electrons. Nevertheless, anti-symmetry and spin restrictions are imposed on the wave function (r 1 s 1 ; . . . ; r n s n ) to satisfy the Pauli principle and spin symmetry requirements. This is the starting point for practical applications to the HartreeFock approach [36] , Multi-reference Self Consistent Field approach [37, 38] , or Configuration Interaction approaches based on different selection/truncation of the CI series (See the general reviews [32] [33] [34] [35] for details on all these methods).
